Abstract. We define the Divisor Divisibility Sequence associated to a Laurent polynomial f ∈ Z[X ±1
Introduction
A classical divisibility sequence is a sequence of (nonzero) integers (W n ) n≥1 having the property (1) m | n =⇒ W m | W n .
Well-known examples of such sequences include a n −b n , Fibonacci and Lucas sequences, and elliptic divisibility sequences. See [7] for an overview of the history and study of divisibility sequences. These and similar sequences are associated to multiples of points in one-dimensional algebraic groups, specifically in (twisted) multiplicative groups or elliptic curves. They tend to have a number of important properties, such as those described in Table 1 .
Divisibility
W n is a divisibility sequence ∞-Growth log |W n | grows like O(n d ) for some d ≥ 1 p-adic Growth ord p (W n ) grows regularly (and slowly) Recursion W n satisfies a (possibly non-linear) recursion Zsigmondy Most W n have a primitive prime divisor Table 1 
. A List of Sequence Properties
It is natural to look for analogous sequences associated to higher dimensional algebraic groups. An obvious approach (see Section 2) yields sequences such as (2) W n = gcd(a n − 1, b n − 1)
for integers a and b that are multiplicatively independent in Q * . Such sequences are quite interesting and lead to deep theorems and conjectures, for example: Theorem. (Bugeaud, Corvaja, Zannier [3] ) lim n→∞ 1 n log gcd(a n − 1, b n − 1) = 0.
Conjecture. (Ailon, Rudnick [2])
# n ≥ 1 : gcd(a n − 1, b n − 1) = gcd(a − 1, b − 1) = ∞.
In particular, the sequence (2), which is associated to the powers of the point (a, b) in the group G 2 m (Q), fails to have the ∞-Growth Property, and conjecturally fails quite badly.
In this paper we suggest a new way to associate divisibility sequences to higher dimensional algebraic groups. These sequences have the Divisibility Property and (conjecturally) the ∞-Growth Property. For concreteness, in this article we concentrate on the N-dimensional torus G N m . A formulation for more general algebraic groups is discussed briefly in Section 11 and will form the content of a subsequent paper [29] . To define our new sequences, we replace the point (a, b) ∈ G f (ζ 1 , . . . , ζ N ).
For example, taking N = 1 and f (X) = aX − b recovers the classical divisibility sequence W n (aX − b) = a n − b n .
One easily checks that W n (f ) ∈ Z is a divisibility sequence, so DDsequences have the Divisibility Property. Further, it is conjectured (and proven if N = 1 or if f is "atoral" [16] ) that log W n (f ) ∼ n N log M(f )
as n → ∞, where M(f ) is the Mahler measure of f , so DD-sequences (conjecturally) have the ∞-Growth Property. See Section 6 for details.
Computing numerical examples, one quickly notices that higher dimensional DD-sequences tend to be highly factorizable. We now explain why, which leads to a generalized definition of the DD-sequences that are the primary objects of study in this article.
An intrinsic and enlightening way to describe the classical divisibility property (1) is to view the positive integers N as a partially ordered set (poset), ordered by divisibility. Then a sequence W : N → N satisfies (1) if and only if it is a morphism of posets, i.e., a map that preserves the partial ordering.
Next we observe that a 1-dimensional DD-sequence may be viewed as assigning an integer W n (f ) to each finite subgroup µ n of C * . Thus a 1-dimensional DD-sequence may be viewed as a poset morphism {finite subgroups of C * } −→ N, µ n −→ W n (f ) ,
where we order the subgroups of C * by inclusion and the elements of N by divisibility. This suggests that for higher dimensional DD-sequences, we should define W to be a function on the set of all finite subgroups of (C * ) N , rather than restricting attention to subgroups of the form µ N n . Further, there is no reason to restrict our coefficient ring to be Z. Table 2 sets some notation that will remain in effect for the rest of this article. Table 2 . Notation By a slight abuse of terminology, we view R {0} as a poset under divisibility. 1 We now define the "sequences" that are our primary object of study.
Definition. Let f ∈ R (N ) be a non-zero Laurent polynomial. The Divisor Divisibilty Sequence (DD-sequence) associated to f is the map
For notational convenience, we may at various times use W f (Λ), W Λ (f ), or W (f, Λ) to denote the DD-sequence map, and when Λ = µ N n , we may write
Our first result provides some justification for this definition.
Proof. See Section 3.
How large should we expect W f (Λ) to be as the size of Λ increases? We observe that W f (Λ) is a product of Λ factors, and that the triangle inequality shows that each factor f (ζ) is bounded, independently of Λ. Thus W f (Λ) is likely to grow exponentially in Λ . If we further take a sequence of subgroups whose points become equidistributed in the torus
then it is natural to compare the growth rate of W f (Λ) to the Mahler measure of f , which we recall is the quantity
see [15, 22] . For ease of exposition here, we state the growth conjecture only for the groups Λ = µ N n ; see Section 6 for a general formulation.
be a non-zero Laurent polynomial with algebraic coefficients. Then
be a non-zero Laurent polynomial with algebraic coefficients.
(a) Conjecture 2 is true if N = 1.
(b) Conjecture 2 is true if N ≥ 2 and f is atoral, which may be defined by the property that the intersection of the zero locus {f = 0} and the torus T N satisfies
where dim is the dimension as a real analytic subvariety of T N .
The proof of Theorem 3(a), which we sketch in Section 6, uses a strong estimate for linear forms in logarithms. Theorem 3(b), which is due to Lind, Schmidt, and Verbitskiy [16] , applies to "almost all" f , since generically for N ≥ 2, the intersection {f = 0} ∩ T N has real codimension at least 2 in T N . We also mention that Conjecture 2 is false if f is allowed to have arbitrary complex coefficients, so any proof will necessarily require an arithmetic argument; see Remark 20 for details.
As noted earlier, DD-sequences tend to be highly factorizable. This is true even in the classical 1-dimensional setting, since if n is highly composite, then W n has many factors coming from W m for m | n. Classically, one generically factors W n as W n = m|n V m , where the factors are defined either using the Möbius µ-function or using primitive n'th roots. For ease of exposition, we take the latter approach here, but see Section 4 for both approaches and a proof of their equivalence. 2 The general definition is that an algebraic set X ⊆ C N is atoral if there exists a nonzero regular function f on X that vanishes identically on X ∩ T N . And a polynomial f is atoral if the hypersurface f = 0 is atoral. See [1] .
where the product is over all subgroups Λ ′ of Λ.
Proposition 4 gives a generic factorization of W f (Λ), but it turns out that V f (Λ) may generically factor further, depending on Λ and the non-zero monomials appearing in f . The main result of Section 4 is Theorem 9, which describes the complete factorization of W f (Λ) when f is generic over Q for a prescribed pattern of non-zero monomials. For such f , we further show that W f is a so-called strong divisibility sequence in the sense that there is an equality of ideals
We next consider p-divisibility and p-adic behavior of the terms in a DD-sequence. This prompts several definitions, which are generalizations of the classical 1-dimensional case.
Definition. Let f ∈ R (N ) be a non-zero Laurent polynomial, let p be a prime ideal of R, and let Λ ⊂ G N m (K) be a finite subgroup. Suppose that
Then we say that p is a primitive prime divisor of W f (Λ) and that Λ is a rank of apparition for p. We denote the set of ranks of apparition for p by R A f (p) = {Λ : Λ is a rank of apparition for p}.
It is not hard to prove (Proposition 22) that R A f (p) consists entirely of cyclic groups, so we define the Zsigmondy set of the DD-sequence W f to be the set Zsig(f ) = cyclic Λ : W f (Λ) has no primitive prime divisors .
When N = 1, it is not hard to show that W f has a unique rank of apparition at p, i.e., there is an integer r p ≥ 1 with the property that
But when N ≥ 2, the set R A f (p) may be infinite. The following analytic result, which is the main theorem of Section 6, shows in particular that R A f (p) cannot be too large. Again, for ease of exposition, we restrict here to R = Z.
(N ) be a non-zero Laurent polynomial. There is a constant C f so that for all ǫ > 0 we have
One consequence is the fact that the (cyclic) groups in R A f (p) are comparatively sparse, since for example the series Λ cyclic Λ s diverges for Re(s) < N, while Theorem 5 says that if we restrict to Λ ∈ R A f (p), then the sum converges for Re(s) > 0. Theorem 5 also implies that for any θ > 0, the (upper logarithmic) Dirichlet density of the set This suggests the general question of describing perfect powers and powerful numbers in higher dimensional DD-sequences. We do not consider such questions in this paper, but we note that some care must be taken, because if the Laurent polynomial f has symmetries, then the associated DD-sequence is often divisible by large powers. We illustrate this principle in Section 9 by studying the DD-sequence for the family
is a polynomial of degree n 2 . We prove that W n (P T ) is almost a perfect 8'th power; more precisely, it factors in
We also prove that W n (P 2T +4 ) and W n (P T ) have a common factor in Z[T ] of degree roughly 2n. In summary, there are many natural questions and problems associated to DD-sequences, some of which are direct analogues of the one-dimensional situation, and some of which appear only in the higher-dimensional setting. And while some of these questions have elementary answers, others appear to lead to deep and interesting conjectures. In this article we give some elementary results, state some conjectures as motivation for the study of DD-sequences, and prove two deeper theorems:
• Generic factorization of DD-sequences, covered in Sections 4 and 5; see especially Theorems 8 and 9 and Proposition 14.
• Distribution of ranks of apparition, covered in Section 7; see especially Theorem 23 and Corollary 25.
Addendum. Recent preprints by Habegger [10] and Dimitrov [5] include proofs of Conjecture 2. The two papers use distinct methods, and the specific estimates that they prove are rather different, but both suffice to prove Conjecture 2. On the other hand, neither method seems to be strong enough to prove the growth conjecture for general algebraic subgroups of G N m as described in Conjecture 16.
Some Brief Remarks on Divisibility Sequences
Factorization and other properties of sequences a n −b n and the Fibonacci and Lucas sequences have been studied for a very long time, so we will not attempt to give a history. The arithmetic of elliptic divisibility sequences (EDS) was first seriously studied Ward [34] and has since attracted considerable attention. Again, the literature is too vast to survey here. The first reference of which we are aware for higher degree, but still one-dimensional, DD-sequences, is the 1916 Ph.D. thesis of T. Pierce [19] . He takes a monic polynomial f (X) ∈ Z[X], factors it (over C) as f (X) = (X − α i ), and studies elementary arithmetic properties of the associated
In particular, he gives various factorizations of W n (f ) and studies the relationship between divisors of W n (f ) and roots of f (X) ≡ 0 (mod n), especially when n is prime or a prime power.
For higher dimensional divisibility sequences, we have already mentioned the interesting sequences gcd(a n − 1, b n − 1) investigated in [2, 3] , and there are analogous sequences on abelian varieties, for example the gcd of two EDS [27] , but they do not appear to have the growth property. A general "non-growth" theorem for sequences of this sort, conditional on Vojta's conjecture, is given in [28] . Marco Streng [32] has studied an interesting generalization of EDS in the case that the elliptic curve E has complex multiplication. He associates to a point P ∈ E(K) a "sequence" indexed by the elements of the endomorphism ring, α ∈ End(E), more-or-less by taking the (square root of the) denominator of x α(P ) . He proves the divisibility property and a Zsigmondy theorem regarding primitive prime divisors.
Although somewhat different, we must also mention Stange's theory of elliptic nets [31] . This generalization of classical EDS attaches a "sequence" indexed by Z r to a collection of linearly independent points P 1 , . . . , P r on an elliptic curve. She proves, among many results, that the terms in an elliptic net are generated by a non-linear recursion applied to a finite (but potentially quite large) set of initial values.
Basic Properties of DD-Sequences
We begin with the elementary proof of Proposition 1, where we note the importance in the proof of our assumption that R is an integrally closed integral domain.
is Galois invariant, and hence W f (Λ) ∈ K. On the other hand, every root of unity is integral over R, so W f (Λ) is integral over R. But by assumption, the ring R is integrally closed, hence
is integral over R. Again the fact that R is integrally closed tells us that the quotient is in R.
We next consider the factorization of a DD-sequence, analogous to the classical factorization of X n −1 as a product of cyclotomic polynomials. This latter factorization may be described either using primitive n'th roots of unity or via the classical Möbius function. More generally, we note that there is a Möbius function attached to any (locally finite) poset [11, Section 8.6 ], so in particular there is a Möbius function associated to the set of finite subgroups of G N m (K), ordered by inclusion. We denote this function by
It is characterized by µ(Λ, Λ) = 1 and the Möbius inversion formula. (a) The following formula gives two equivalent ways to define a quantity V f (Λ):
Proof. (a) We start with the formula for V f (Λ) in terms of the Möbius function and derive the formula in terms of generators for Λ.
Möbius inversion tells us that for any Λ 1 ⊆ Λ 2 , we have
which is the desired formula. (b) We know from Proposition 1(a) that W f (Λ) ∈ R, so the formula for V f (Λ) as a product of (positive and negative) powers of
On the other hand, the formula for V f (Λ) as a product of values of f (ζ) for N-tuples of roots of unity ζ ∈ G N m (K) tors shows that V f (Λ) is integral over R. Hence V f (Λ) ∈ R by our assumption that R is integrally closed. (c) This is just Möbius inversion, but we do the calculation. We have
(d) The first formula is immediate from (a) applied to the cyclic group Λ = ζ , and then the second formula follows from the first formula and the factorization of W f (Λ) given in (c).
Generic Factorization of DD-Sequences
Theorem 6(c) gives a generic factorization of W f (Λ) in R that is analogous to the factorization of X n − 1 as a product of cyclotomic polynomials, but it turns out that W f (Λ) may admit a further generic factorization, depending on the interaction of Λ with the non-zero monomials appearing in f . In this section we describe this factorization and prove that if K ∩Q = Q and the non-zero coefficients of f are algebraically independent over Q, then W f (Λ) does not factor further. This last result is a DD-sequence analogue of the irreducibility of the cyclotomic polynomials over Q. And in the next section (Proposition 14) we use these results to show that a generic DD-sequence satisfies a strong divisibility property given by an equality of ideals
We begin with some useful notation. In order to write elements of R (N )
succinctly, for N-tuples
we let
with a m (f ) ∈ R and all but finitely many a m (f ) = 0. We note that the unit group of R (N ) is exactly the set of monomials with unit coefficients, i.e.,
As usual, we say that an element f ∈ R (N ) is irreducible if it is not a unit and has no factorizations f = gh except with g or h a unit.
Example 7. We give an example illustrating the fact that W f (Λ) may admit a further generic factorization beyond its factorization as a product of
values as in Theorem 6(c). Let f (X) = aX 2 − b with a and b independent indeterminates. Then
is the homogenized n'th cyclotomic polynomial. Thus if n is even, then V f (µ n ) is generically a square. This is due to the fact that f (X) is a polynomial in X 2 .
Our next result generalizes Example 7 to all DD-sequences, but first we need some additional notation.
For any finite subset M ⊂ Z N and any ξ ∈ G N m (K) tors , we let
We note that K(ξ M ) is a Galois extension of K, since even in the case that K has positive characteristic, adjoining roots of unity gives a separable extension. Further, Gal K(ξ M )/K is abelian.
tors be a cyclic group, and let ξ 1 , . . . , ξ r be generators for Λ that are representatives for the distinct orbits for Gal(K/K) acting on the set of all generators of Λ. Then V f (Λ) factors in R as
, so the product of all of the
Hence C f (ξ) ∈ R from our assumption that R is integrally closed.
(b) The coordinates of any element ξ ∈ G N m (K) tors are roots of unity, so for all σ ∈ Gal(K/K), we have σ(ξ) = ξ k for some k = k(σ). It follows that Gal(K/K) acts on Λ, and similarly it acts on the set of generators of Λ. This justifies our choice of representatives for the orbits. Further, the action factors through an abelian group, since roots of unity generate abelian extensions. We now compute, where for notational convenience we assume that all products omit any factors that vanish.
by definition of C f .
(c) This follows from (b) and the decomposition of
Theorem 8(c) gives a factorization of W f (Λ) in R that is a product of powers of C f (ξ) values. For particular choices of R, f , and Λ, it is quite possible for these C f (ξ) to factor further. The main result of this section says that if the coefficients of f are generic for the given pattern M(f ) of non-zero coefficients, then the C f (ξ) appearing in Theorem 8(c) are irreducible in R. In particular, combining Theorem 9 with Corollary 11 gives a generalization to DD-sequences of the classical result that the complete factorization of X n − 1 in Q[X] is as a product of cyclotomic polynomials.
Theorem 9. Let F be a field, let M ⊂ Z N be a finite set with 0 ∈ M, let R be the polynomial ring
where the a m are independent indeterminates, and let f M ∈ R (N ) be the Laurent polynomial
Thus f M is the generic Laurent polynomial over F whose non-zero monomials are in the positions specified by M.
into irreducible elements of R.
Remark 10. In the setting of Theorem 9, if we drop the condition that 0 ∈ M, then it is possible for C f M (ξ) to be reducible. For example, take F = Q let m, n ∈ Z N be exponents with ξ m = ±1 and ξ n = 1, and let M = {m, m + n}. Then ξ M = {ξ m } consists of a single element, and we have
Since ξ m = ±1 by assumption, we have ξ m / ∈ Q, so C f M (ξ) is reducible. For an explicit example, we take
and
Proof of Theorem 9. Each factor τ f M (ξ) in the product (6) that defines C f M (ξ) is a non-trivial homogeneous linear form in the indeterminates a m , and such linear forms are irreducible in the polynomial ring
which is a UFD. Hence any non-constant factor of C f M (ξ) in R has the form
for some β ∈ F(ξ M ) * and some non-empty subset
We now use the assumption that 0 ∈ M, which implies that f M (ξ) has an a 0 term. The elements of H act trivially on a 0 , so (7) has a monomial of the form βa #H 0 . But (7) is in R, i.e., its coefficients are in F, so β ∈ F * .
Next we apply an arbitrary element σ ∈ Gal(F(ξ M )/F) to the product (7). By assumption, this leaves the product invariant, so again by unique factorization in R ⊗ F F(ξ M ) and the fact that the homogeneous linear forms f M (ξ) are irreducible, we deduce that for all σ ∈ Gal(F(ξ M )/F) and all τ ∈ H there is a λ σ,τ ∈ H and a scalar γ σ,τ ∈ F(ξ M ) * such that
Again using the assumption that 0 ∈ M, we look at the a 0 monomial on both sides of (8) . This monomial is unaffected by the action of Galois, which allows us to conclude that γ σ,τ = 1. Expanding (8) gives
Keeping in mind that the a m are indeterminates, we find that
and then, since σ, τ, λ σ,τ ∈ Gal(F(ξ M )/F), we conclude that
The key here is the fact that τ and λ σ,τ are in H, while σ is an arbitrary element of Gal(F(ξ M )/F). Hence for any g ∈ Gal(F(ξ M )/F) and any h ∈ H, we can take σ = gh −1 and τ = h to conclude that
This proves that H = Gal(F(ξ M )/F), and thus that the product (7) is equal to C f M (ξ ∨ ) up to multiplication by an element of F * . This proves (a), and (b)
is immediate from (a) and Theorem 8(c).
Corollary 11. Assume that char(K) = 0 and that
Further, if f is generic for its pattern of non-zero coefficients as in Theorem 9, then (a) and (b) give the complete factorizations of V f and W f in R.
The proof of Corollary 11 uses Theorem 8 and the following transitivity result, which is more-or-less equivalent to the irreducibility of the cyclotomic polynomials over Q.
Since every coordinate of every element ξ ∈ Λ is a power of ζ d , we have σ(ξ) = ξ k . Since Λ is a subgroup, it follows that σ(Λ) ⊆ Λ, and since σ is invertible, we see that σ(Λ) = Λ. Applying this to Λ = ζ 1 , we find that
This completes the proof that (b) implies (a).
For the reverse implication, we assume that ζ 2 = ζ 1 . Write In particular, we have gcd(k, r) = 1, so there exists an element σ ∈ Gal Q(µ r )/Q ⊂ Gal K(µ r )/K with the property that
(This is where we use the assumption that K ∩Q = Q and the standard fact that Gal Q(µ r )/Q ∼ = (Z/rZ) * .) The coordinates of ζ 1 are in µ r , so we find that σ(ζ 1 ) = ζ
This completes the proof that (a) implies (b).
Proof of Corollary 11. Lemma 12 tells us that Gal(K/K) acts transitively on the generators of the cyclic subgroup ξ , so the formulas in (a) and (b) are immediate consequences of Theorem 8(b) and (c). Then the final statement follows from Theorem 9 which tells us that under our genericity assumption, each C f (ξ) is irreducible in R.
Strong Divisibility of Generic DD-Sequences
Classical one-dimensional divisibility sequences over Z, such as a n − b n , Fibonacci and Lucas sequences, and elliptic divisibility sequences, have the strong divisibility property
and it is an exercise to show that such strong divisibility sequences are automatically divisibility sequences.
Example 13. It is easy to construct examples showing that higher dimensional DD-sequences need not be strong divisibility sequences. For example, the DD-sequence associated to f (X, Y ) = X − Y − 4 satisfies
Our main result in this section says that generic DD-sequences do have the strong divisibility property. Proposition 14. Let F, M, R, and f M be as in the statement of Theorem 9, so in particular R is a UFD. Assume further that #M ≥ 2, i.e., f M is not a monomial. Let Λ 1 and Λ 2 be finite subgroups of G N m (K). Then there is an equality of ideals
The proof uses the following key result.
Lemma 15. Continuing the notation from Proposition 14, let Λ 1 and Λ 2 be finite subgroups of G N m (K). Then
where this is an equality of ideals in R, which is a UFD.
Proof. If Λ 1 , respectively Λ 2 , is not cyclic, then Theorem 6(a) says that
, is 1, so the conclusion is automatically true.
We are thus reduced to the case that Λ 1 = ξ 1 and Λ 2 = ξ 2 . Writing n 1 and n 2 for the orders of ξ 1 and ξ 2 , respectively, Theorem 6(a) gives
We prove the contrapositive of the desired statement, so we suppose that the gcd is larger than 1 and aim to prove that Λ 1 = Λ 2 . Our assumption is that V f M (Λ 1 ) and V f M (Λ 2 ) have a common non-trivial factor in R, so they also have a common non-trivial factor in the UFD R⊗ F F. But the quantities f M (ξ i 1 ) and f M (ξ j 2 ) are irreducible in R ⊗ F F, since they are linear forms in the variables a m . It follows that there exists an i and a j so that
Keeping in mind that the non-zero coefficients a m of f M are independent indeterminates and that a 0 = 0, we first find that u = 1 by comparing the coefficients of a 0 , and then we find that ξ i 1 = ξ j 2 by comparing the coefficients of a m for any non-zero m ∈ M(f ).
We know that gcd(i, n 1 ) = 1, so we can find a k with ik ≡ 1 (mod n 1 ). Then ξ 1 = ξ ik 1 = ξ jk 2 ∈ ξ 2 , and similarly using gcd(j, n 2 ) = 1, we find that ξ 2 ∈ ξ 1 . Hence ξ 1 = ξ 2 , i.e, Λ 1 = Λ 2 .
Proof of Proposition 14. We compute
This completes the proof of Proposition 14.
∞-Growth Properties of DD-Sequences
In this section we consider the growth rate of a DD-sequence W f (Λ) as a function of Λ . As noted earlier, intuitively we expect log W f (Λ) to grow like a multiple of Λ , but there are subtle Diophantine issues at play due to the possibility of an element ζ ∈ Λ lying very close to a root of f , thereby contributing a very small factor f (ζ) to W f (Λ). Before stating our main growth conjecture, we need a number of definitions.
Definition. Let G ⊆ G N m be an algebraic subgroup. We let
and we let µ G denote normalized Haar measure on the real torus T(G).
Let f ∈ C (N ) be a non-zero Laurent polynomial. Then the G-Mahler measure of f is 
Theorem 17. With notation as in Conjecture 16, the conjecture is true in the following situations. Proof. (a) For the convenience of the reader and to illustrate the use of the key estimate, which is due to Gelfond, we briefly sketch the proof; cf. [16, Section 7] . Factoring f (X) = bX k (X − β i ) and using the fact that M(X − β) = log max |β|, 1 , we find that
The terms with |β j | = 1 clearly go to 0 as n → ∞, and it is not hard to see that the same is true for the terms with |β j | = 1 provided β n j never gets too close to 1. The key to the proof is thus the following result, which says that n'th roots of unity cannot come too close to the algebraic number β.
Theorem 18. (Gelfond [9] ) Let β ∈Q * that is not a root of unity. Then for every ǫ > 0 there is a constant C(β, ǫ) > 0 such that
for all n ≥ 1.
(We mention that linear forms in logarithms estimates such as those in [8, 17] can be used to prove even stronger results of the form |β n − 1| ≫ n −C(β) .) (b) This is elementary, and indeed is true even if f has arbitrary complex coefficients. Our non-vanishing assumption implies that the function log f (z) is continuous on the compact set T(G), so the assumed weak convergence of measures µ Λ → µ G implies that
But the definition of µ Λ as a sum of point masses says that the left-hand integral is exactly the sum
which gives the desired result.
(c) This is due to Lind, Schmidt, and Verbitskiy [16, Theorem 1.3] . It is likely that their proof can be adapted to more general G and L, subject to the atoral constraint that {z ∈ T(G) : f (z) = 0} has real codimension at least 2 in T(G). n N log W n (f ) = log M(f ), even if f is allowed arbitrary complex coefficients.
Remark 20. On the other hand, it is easy to see that Conjecture 2 is false if f is allowed to have complex coefficients, and indeed, it is false in this case even for atoral f . To construct a counterexample for N = 1, let α ∈ R be a real number that is extremely well approximable by rational numbers. Set a = exp(2πiα). Then
For an appropriate choice of α, we can find a sequence of k i /n i ∈ Q satisfying, say, |α − k i /n i | < 2 −n 2 i , and then example of a polynomial that is not atoral and for which Conjecture 16 is currently not known. Here {f = 0} ∩ T 2 is an oval containing exactly four points whose coordinates are roots of unity.
Rank of Apparition for DD-Sequences
Let f ∈ R (N ) be a non-zero Laurent polynomial, let p be a prime ideal of R, and let Λ ⊂ G N m (K) be a finite subgroup. We recall from the introduction that Λ is said to be a rank of apparition for p if
The intuition is that the divisibility of W f (Λ) by p is not forced by the fact that W f is a divisibility sequence. The set of ranks of apparition for p is denoted R A f (p) = {Λ : Λ is a rank of apparition for p}.
We start with an elementary, but useful, result.
Proposition 22. Let f ∈ R (N ) be a non-zero Laurent polynomial, and let p be a prime ideal of R.
Proof. (a) Theorem 6(c) gives the factorization
By definition, our assumption that Λ ∈ R A f (p) implies that W f (Λ) ∈ p, so (9) tells us that
since the analogous factorization of W f (Λ ′ ) contains V f (Λ ′ ) as a factor. By definition of R A f (p), we must have Λ ′ = Λ, and hence V f (Λ) ∈ p.
(b) Theorem 6(a) says that V f (Λ) = 1 if Λ is not cyclic, while (a) tells us that V f (Λ) ∈ p, so V f (Λ) cannot equal 1. Hence Λ is cyclic.
Our main result is an analytic estimate which shows that the set of ranks of apparition is not too large. It is a generalization of a theorem of Romanoff [20] , as quantified in [18] . Our proof is an adaptation of the proof in [18] . For ease of exposition, we take R = Z, but everything easily generalizes to rings of integers in number fields.
The proof of Theorem 23 requires an estimate for the number of groups of G N m (C) of given size. The following result is undoubtedly well-known, but for lack of a suitable reference, we sketch the proof.
Proof Sketch. Finite subgroups of G N m (C) of order n are dual to sublattices of Z N of index n. The number of the latter is the degree of the Hecke operator T (n). Formal expansions for the generating function T (p k )X k and the Dirichlet series T (n)n −s are given in [24, Theorem 3.21] . Replacing each T (n) in these formulas by its degree, which is ν N (n), gives (after some manipulation) the beautiful formula 
which it is an exercise to derive the more general estimate stated in the lemma.
Proof of Theorem 23. We set the following useful notation:
We note that if Λ ∈ R A f (p) for a lattice with Λ ≤ x, then p | A f (x), since p divides the factor W f (Λ) appearing in A f (x). We use this observation to estimate
log p p from above observation,
The last inequality is a standard estimate; see for example [18, Section 2] . We define a constant C ′ f , depending only on f , by
We use C ′ f to estimate the size of A f (x) as follows:
from Lemma 24 with k = 1,
for a new constant. (10) We next use a telescoping sum argument (or in fancier terms, Abel summation), to compute
where the O(1) depends on f , but is independent of ǫ. This completes the proof of Theorem 23.
An immediate corollary of Theorem 23 is an upper bound for the Dirichlet density of the set of primes such that R A f (p) contains a "small" group. We recall that the upper logarithmic Dirichlet density of a set of primes P is the quantity
Proof. We set s = 1 + ǫ and compute
1 Λ ǫ/θ adding more primes,
Multiplying by s − 1 = ǫ and letting s → 1 + (so ǫ → 0 + ) gives the desired result.
Zsigmondy sets of DD-Sequences
We recall that the Zsigmondy set of the DD-sequence W f is the set Zsig(f ) := cyclic Λ : W f (Λ) has no primitive prime divisors , where p is a primitive prime divisor for Λ if Λ ∈ R A f (p). Classical results say that the Zsigmondy set is finite for 1-dimensional sequences such as a n −b n , Fibonacci and Lucas sequences, and elliptic divisibility sequences provided that the sequence has an appropriate growth property. We conjecture a similar statement for higher dimensional DD-sequences, but the growth condition is more subtle. Roughly speaking, we want to exclude those Λ for which the size of W f (Λ) is not exponential in Λ .
We recall from Section 6 that there is a Mahler measure M G (f ) associated to every algebraic subgroup G ⊆ G 
As in the classical cases, we expect that a proof of Conjecture 26 will require some version of the growth conjecture (Conjecture 16), a reasonable description of the sets of ranks of apparition R A f (p), and an estimate showing slow p-adic growth of W f (Λ) for Λ containing a fixed element of R A f (p).
DD-Sequences for Highly Symmetric Polynomials
If a Laurent polynomial has symmetries given by inversions and/or permutations of its coordinates, then its associated DD-sequence tends to be powerful, i.e., have many factors that are powers. In this section we illustrate this principle for a prototypical highly symmetric family of polynomials.
Proposition 27. Let
.
Then the associated DD-sequence of polynomials
Thus W n (P T ), which has degree n 2 , is almost an 8'th power.
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Remark 28. The equation P T (X, Y ) = 0, which defines a family of elliptic curves over Q(T ), has been much studied. 6 For t ∈ Z, the Mahler measure M(P t ) is conjecturally related to the value of L ′ (E t , 0), and a number of deep relations between various M(P t ) values have been proven, for example M(P 8 ) = M(P 2 ) 4 and M(P 5 ) = M(P 1 ) 6 ; see [12, 13] . It is thus natural 5 One can say even more. If n is odd, respectively even, then A n (T )/W 1 (P T ), respectively A n (T )/W 2 (P T ), is a perfect 4'th power in Z[T ]. 6 The transformation x = −1/XY , y = (Y − X)(1 + XY )/2X 2 Y 2 , maps it to the Weierstrass equation
to ask whether W n (P 8 ) and W n (P 2 ) 4 , or W n (P 5 ) and W n (P 1 ) 6 , are similarly related. This was the original, albeit as yet unsuccessful, motivation for studying the DD-sequences associated to the family P T (X, Y ). However, we can prove that W n (P 2T +4 ) and W n (P T ) have a common factor in Z[T ] of degree roughly 2n, so in particular W n (P 8 ) and W n (P 2 ) tend to have a fairly large common factor.
Proposition 29. The DD-sequence of polynomials
Proof of Proposition 27. The maps
generate a group of automorphisms of the ring
is fixed by D 4 . These maps also induce automorphisms of µ 2 n . For each ζ ∈ µ 2 n , we write D 4 · ζ for the orbit. We are particularly interested in those ζ whose orbit is maximal, and we write this set of ζ as a disjoint union of orbits, say
where later we will give the value of k(n). We compute
On the other hand, the action of D 4 on µ 2 n commutes with the action of Gal(Q/Q), so the set of ζ satisfying #(D 4 · ζ) = 8 is Galois invariant, and hence (since P T (X, Y ) is D 4 -invariant), we see that the product Checking the effect of the 8 elements of D 4 on µ 2 n , we find that ζ ∈ µ 2 n has a non-trivial stabilizer if and only if
) .
When n is odd, this set is the disjoint union of (1, 1) and the sets
with ζ ∈ µ n 1, so there are 1 + 4(n − 1) = 4n − 3 points in the set. This gives k(n) = n 2 − 4n + 3. When n is even, a similar computation, which we leave to the reader, leads to the formula k(n) = n 2 − 6n + 8.
Proof of Proposition 29. The key fact is the following identity in the Laurent ring Z[Z ±1 ]:
Further, by exploiting the symmetry of P T , we obtain
Suppose first that n is odd. Then W n (P 2T +4 ) has a factor of the form
Other than the 2 2n−1 , this last quantity is also a factor of W n (P T ). Hence W n (P 2T +4 ) and W n (P T ) have a common factor in Z[T ] of degree 2n − 1. We obtain a similar result if n is even, but now we need to keep track of duplicated factors when ζ = ±1. Thus W n (P 2T +4 ) has a factor of the form
and everything except the 2 2n−2 is a factor of W n (P T ). Thus W n (P 2T +4 ) and W n (P T ) have a common factor in Z[T ] of degree 2n − 2.
Further Questions
In this section we suggest directions for further research on higher dimensional DD-sequences. For ease of exposition, we fix a non-zero Laurent polynomial f ∈ Z (N ) and consider the DD-sequence W f associated to f . (The referee has pointed out that (a) is related to results of Dvornicich and Zannier [6] , and that since Siegel's theorem can be used for N = 1, it is possible that Vojta's conjecture might give some light in higher dimension.) N.B. The essential content of this question is that P ℓ,M depends only on the set M, and not on the specific polynomial f .
Remark 35. We are able to answer Question 34 affirmatively for M = (1, 0), (0, 1), (0, 0) , i.e., for polynomials of the form f (X, Y ) = AX + BY + C. We omit the rather lengthy case-by-case proof.
Question 36. (Recursion) Classical divisibility sequences satisfy recursion formulas, which may be linear (e.g., Fibonacci) or non-linear (e.g., EDS). For 1-dimensional DD-sequences, it is not hard to prove that W f (n) satisfies a linear recursion of order at most 2 deg(f ) . If the DD-sequence W f has true dimension 7 N ≥ 2, is it possible for W f to satisfy a finite order linear recurrence or an EDS-like non-linear recurrence? This could apply to either the partial sequence W f (n), or to the full sequences W f (Λ), where for the latter one would first need to formulate a suitable definition of finite order linear recurrence. We note that if the growth estimate in Question 32 is valid, then for N ≥ 2 we cannot have W f (n) = L(n) for a linear recurrence L, since log L(n) ≍ n. However, we might ask if it is possible to have (say) W f (n) = L(n N ). More generally, how closely can one approximate the sequence W f (n) using a subsequence of a linear recursion of the form L(n N )?
Question 37. (Signs and Characters) The divisibility property of a DDsequence is a property of the ideals generated by the various W f (Λ), but the sign of W f (Λ) is also of interest. More generally, one can look at character values.
(a) What can one say about the distribution of the sequence of signs sign W f (n) ? Ditto for sign W f (Λ) ? (See [30] for the analogous question for EDS.) (b) Fix a modulus q. What can one say about the distribution of the mod q reduction W f (n) mod q) ? Ditto for W f (Λ) mod q) ? (c) More generally, let χ : (Z/qZ) * → C * be a Dirichlet character.
What can one say about the distribution of χ W f (n) ? Ditto for χ W f (Λ) ?
DD-Sequences for Other Groups
We briefly indicate how the notion of DD-sequence naturally generalizes to arbitrary commutative algebraic groups. More precisely, let G/R be a group scheme over R, let O denote the image of the zero section, and let D be 7 Roughly, this means that no change of variables expresses f as a monomial times a Laurent polynomial in fewer variables. The referee has suggested that the true dimension is linked to the stabilizer of the divisor of f in G N m , and in particular, if this stabilizer is finite, then the true dimension is maximal.
an effective R-divisor on G. Then a preliminary definition of the associated DD-sequence W D is the sequence
where n : G → G is the n'th power map, the intersection is arithmetic intersection on G, and the resulting intersection W D (n) is naturally identified with an ideal of R via the map π * coming from π : G → Spec(R). More generally, analogously to what we have done for G = G (Here G ′ may be any R-group scheme that admits a finite R-homomorphism from G, and O ′ is the image of the identity section of G ′ .)
For example, if G is an elliptic curve E over R and D = (P ), then W D (n) is the classical elliptic divisibility sequence associated to (E, P ), and if E has complex multiplication, then the more general sequence W D (φ) is a reformulation of the CM EDS studied by Streng [32] .
We conjecture that generalized DD-sequences exhibit the fast growth property if their associated Mahler measures are greater than 1. We remark that if instead of the divisor D, we instead used a point P , then the sequences W P (n) = (n * P ) · O are also quite interesting (an example being gcd(a n − 1, b n − 1)), but they do not appear to satisfy the growth property. Similarly, it is not unnatural to consider sequences of the form W P,D (n) = (n * P ) · D. These sequences probably do have the growth property, but unless D is of a very special form, they will not be divisibility sequences. These two observations may help to justify our use of (12) to define higher dimensional DD-sequences.
